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I. INTRODUCTION
If quantum chromodynamics (QCD) is the underlying theory of strong interactions, we expect all hadronic observables to be calculable from the complete knowledge of its Green functions. There is an infinite set of integral field theoretic equations which describe these n-point functions in a coupled and highly non-linear manner. These are the well-known Schwinger-Dyson equations (SDEs), [3] [4] [5] . Their structure is such that the two point one-particle irreducible (1PI) Green functions (propagators) are related to three point such functions (vertices) which in turn are entangled with the four-point functions (scattering kernels), ad infinitum. In a general formalism, not limited to the perturbative domain, this infinite set must be truncated by introducing mathematical model(s) of some suitable set of Green functions before a solution becomes tractable. The most favorite choice, which lies on the borderline of a daunting computational complexity while still maintaining predictable exploration of nonperturbative QCD and hadronic physics is to model the 3-point interactions. It is natural to demand any truncation of SDEs to resemble the true dynamics of quarks and gluons to as much extent as possible, while successfully describing the observable degrees of freedom, namely, mesons and baryons [6, 7] . Ideally, we can impose the following restrictions on the quark-gluon vertex which enters the gap equation directly and also constrains the kernel of the Bethe-Salpeter equation [8, 9] :
• It must satisfy the Slavnov-Taylor identity (STI), [10, 11] . This implies that the requirement of gauge invariance fixes the longitudinal part of the quark-gluon vertex.
• The transverse part is constrained by the requirement of the generalized Landau-KhalatnikovFradkin transformations (LKFTs) [12] [13] [14] and the transverse Takahashi identities (TTIs) [15] [16] [17] for QCD.
• It should reduce to its perturbation theory Feynman expansion in the limit of weak coupling expansion. Note that a truncation of the complete set of SDEs, which maintains gauge invariance and MR of a gauge theory at every level of approximation, is perturbation theory. Therefore, physically meaningful solutions of the SDEs must agree with perturbative results in the weak coupling regime [18] [19] [20] [21] [22] .
• It should transform correctly under the discrete symmetries of charge, conjugation, parity and time reversal (C,P and T ).
• It should be free of any kinematic singularities.
• Physical observables should be strictly gaugeindependent [23] [24] [25] .
However, the fact remains that any truncation of the SDEs can only be considered sensible only if it is consistently able to reproduce the experimental observations pertaining QCD and hadron physics. The well-know Maris-Tandy (MT) model [1] achieves that goal quite successfully, especially to study low lying mesons such as pions and ρ. In conjunction with the bare vertex and gluon propagator in the Landau gauge, it uses an ansätze for the effective coupling which is constrained by perturbation theory in the ultraviolet region. The chiral quark condensate dictates the strength of its kernel in the infrared. Note that the chiral symmetry breaking pattern of the pseudoscalar meson sector is governed by the relationship between the gap equation and the BetheSalpeter kernel, supplied by the axial vector Ward-GreenTakahashi identity [26] .
Notice that The MT model was put forward before the SDEs prediction for the massive gluon solution, [27] , which was later confirmed in modern lattice studies, [28] [29] [30] [31] [32] , supporting a finite but infrared enhanced scalar form factor of the gluon propagator, the so called decoupling solution. It is also in agreement with subsequent SDE results, [33] [34] [35] [36] , exact renormalization group (RG) equations, [37] , refined Gribov-Zwanziger formalism, [38] [39] [40] , the earlier suggestion of Cornwall, [41] and the contemporary process independent effective charge described in [42, 43] , which combines the best from modern lattice and continuum studies. Even if one includes the effect of dynamical quarks, [44] [45] [46] , the qualitative behavior of the gluon propagator remains the same and feeds expected physics back into the gap equation, [47] . This feature of the gluon propagator is conveniently captured in a later kernel-construction for the gap equation which goes by the name of Qin-Chang (QC) model [2] . However, connection with one-loop perturbation theory is still maintained along with the use of the bare vertex.
In this article, we employ the effective coupling of both the MT and the QC models in association with a set of refined ansätze for the quark-gluon vertex. We extend the decomposition of the QED vertex suggested by Ball and Chiu [48] to the QCD case, as also adopted in [18, 22] .
We then carry out our numerical analysis of the quark gap equation for the following vertices: bare, Ball-Chiu [48] , Curtis-Pennington [49] , KizilersuPennington [50] and Bashir et al. [25] .
The article is organized as follows: in II we discuss the preliminaries of the gap equation, introducing the MT and the QC models. In III, we explicitly discuss each of the vertex Ansätze we employ and discuss their merits. IV details the algebraic expressions that stem from the choice of each vertex. V contains numerical results for each truncation as well as a comparative analysis. Finally, in VI, we summarize our conclusions.
II. GAP EQUATION: PRELIMINARIES AND THE GLUON PROPAGATOR
The starting point to investigate how dynamical chiral symmetry breaking (DCSB) is realized and how it is affected by the choice of the quark-gluon vertex, is the renormalized Schwinger-Dyson equation for the quark propagator. This equation, which is depicted in fig. 1 , can be written in the following form:
where Σ(p) is the quark self energy
(2) Here q = k − p, C F = 4/3, and Λ U V is the ultraviolet mass regulator. Z 1 and Z 2 are the quark and quark-gluon vertex renormalization constants, respectively, which depend on the UV regulator and the renormalization point µ. This equation, also known as gap equation, involves not only the quark propagator S(p), but also the gluon propagator D µν (q) and the fully dressed quark-gluon vertex Γ ν (k, P ). Each of those green functions, which also depend on the renormalization point, obey their own Schwinger-Dyson equations. This yields an infinite tower of coupled equations, which must be systematically truncated in order to extract the encoded physics.
Regardless of the truncation scheme, the full quark propagator can be defined in terms of two scalar functions, namely mass function M (p 2 ) and quark wavefunction renormalization function F (p 2 ; µ 2 ), such that
in analogy to its bare counterpart
where m 0 is the bare mass of the quark. An alternative representation of S(p; µ) is given by
where we can readily identify
.
Notably, multiplicative renormalizability ensures that the mass function does not depend on the renormalization point. Not that for the simplicity of notation, we will omit displaying the µ 2 dependence altogether. The general form of the gluon propagator is [35] :
where D(q 2 ) is the gluon dressing function and ξ is the covariant gauge. A typical choice is the Landau gauge [51] [52] [53] , which corresponds to ξ = 0. It occupies a special place in field theories since, among other things, model dependent differences between ansätze for the gluonquark vertex are least noticeable in this gauge. Moreover, it is a covariant gauge which is readily implemented in lattice QCD simulations [54, 55] .
The first model of gluon propagator employed herein is the well known Maris-Tandy model [1] . In this model, the effective coupling α s (q 2 ) ≡ g 2 D(q 2 )/4π is given by:
with 
which differs from the MT model in the infrared enhancement term, such that the behavior of the effective gluon is in agreement with our modern understanding of QCD's gauge sector; viz., the gluon propagator is a bounded, regular function of spacelike momenta, which achieves its maximum value on this domain at q 2 = 0. Typically, ω ∈ (0.3, 0.6) GeV and the product (ωD) = m 3 G is associated with a gluon mass scale m G ∼ 400 − 800 MeV [2] . Both MT and QC models have been widely employed in the context of DSE, in order to successfully obtain a wide range of hadron observables: light meson spectrum [1, 56] , parton distribution amplitudes of light and heavy mesons [57, 58] , and the associated elastic and transition form factors [59] [60] [61] [62] [63] .
III. QUARK-GLUON VERTEX ANSÄTZE
For the 1PI quark-gluon vertex the simplest choice is to replace the fermion-boson vertex by free (tree-level) vertex, which is known as the rainbow truncation. This (bare) vertex satisfies WGTI only in massless quenched approximation in the Landau gauge [64] . The simplicity of that choice brings many deficiencies, such as the lack of information about DCSB on its structure (no explicit appearance of the quark mass function in the vertex dressing). Moreover, the associated dressed quark anomalous chromomagnetic moment is strictly zero. These drawbacks can be compensated by a proper choice of parameters for the effective gluon propagator, obtaining an excellent description of pseudoscalars and light vector mesons, see [1, 56] , for example. However, a proper description of axial vector mesons can not be achieved, since the bare vertex lacks a proper enhancement of spinorbit splitting in the meson spectrum, provided by the DCSB [8, 65] .
In constructing a fully consistent fermion-boson vertex ansätz, many efforts have been carried out over the last few decades [7, 22, 25, 48-50, 66, 67] ; we explore those mentioned in the introduction [25, [48] [49] [50] . The general structure of the full vertex consists of 12 independent vectors which can be obtained from three vectors k µ , p µ , γ µ and four spin scalars 1, / k, / p, / k / p [68] . Longitudinal WGTI entails [26] :
Then, the full quark-gluon vertex can be split into 4 longitudinal and 8 transverse parts
such that q µ Γ T µ = 0. The longitudinal part is fixed by the above WGTI, while the remaining transverse part must be written in a covariant basis, free of kinematical singularities [48] . The longitudinal part, in the so-called Ball-Chiu (BC) basis, is given by
where the dressing functions are
where
. The transverse part is written as a linear combination of the 8 basis vectors. That is,
where τ i are unknown scalar functions and the tensor structures T iµ are written as
This is the most general vector structure that can be constructed. In 1990, Curtis and Pennington [49] realized that a simple choice of only of the transverse coefficients is enough to ensure multiplicative renormalizability of the massless quark propagator in the quenched approximation of QED. The full form of the vertex, the CP vertex, is
where the correction term is given by
where t = k + p and
An unquenched version, in the chiral limit, was introduced in 2009 by Kizilersu and Pennington (KP) [50] . They proposed two vertex constructions that satisfy all necessary constraints but differ only beyond the leading logarithmic order. Notably, both constructions give similar results in the Landau gauge [50, 64] . So one could use either. We have used the following:
In 2012, Bashir et al.(BB) [25] presented a fermion-boson vertex expressed solely in terms of the vector and scalar functions appearing in the fermion propagator, which is always consistent with one-loop perturbation theory and is independent of the angle between the relative momenta. Strinkingly, it has also no explicit dependance on the covariant-gauge parameter although the gaugeindependence of the critical coupling in QED, above which chiral symmetry is broken, is achieved. The trans- verse structure is chosen as
where. The values of the momentum independent constants, {a i , i = 1, 2, ..., 8} are shown in Table I . The fixing procedure of these constants can be found in Ref. [25] .
In the next section we will discuss eq. (2) along with (1) for all these vertices.
IV. GAP EQUATION
Equations for B(k 2 ) and A(k 2 ) can be obtained from proper projections of eq. 1, that is, multiplying eq. 1 by 1, / p, respectively, and then taking Dirac traces. In the minimal approximation of the fully dressed quark-gluon vertex, the bare vertex Γ µ = γ µ , quark self-energy given by equation (2) acquires the following simple form
Thus, one arrives at the following expressions:
Notably, all of the QCD's gauge sector contributions are effectively contained in the models for α s (q 2 ), thus arriving at an abelianized version of the theory, such that
, which are fixed by applying the renormalization boundary condition
where m µ is a scale dependent renormalization mass. It implies A(p 2 ) p 2 =µ 2 = 1, B(p 2 ) p 2 =µ 2 = m µ . This procedure applies for all the rest of the truncations explored herein, since it is a feature of the effective gluon models employed. In a similar way, substituting BC vertex from eq. 8 in eq. (2), one arrives at the following expresion for
where I 
2 ,
Analogously, the corresponding equation for A(p 2 ), for the BC vertex, is
where the integrands are written as
By taking into account the transverse correction term put forward by Curtis-Pennington [49] , one arrives at
On the other hand, the corresponding expression for A(p 2 ) reads as
The integrands I CP A1 and I CP A2 , which are related to the CP term, are written as
When employing KP vertex ansätz [50] , one arrives at the following equation for B(p 2 )
The integrands related specifically to the KP vertex, I 
The analogous equation for A(p 2 ), for KP vertex, is
where the related integrands are
Unlike the other vertex ansätze, the transverse part of the KP vertex introduces a non-trivial angular dependence, related to the logarithmic terms which contain A(q 2 ). Thus, the numerical evaluation of such integrals is much more complicated. In particular, this non-trivial angular dependence becomes more problematic when the quark propagator needs to be computed for complex values of momenta. Finally, the integral equations for the B(p 2 ) and A(p 2 ) using the BB vertex [25] are
A(p 2 ) = r.h.s. of eq.(22)
In the next section, we show and discuss results of the SDE for the quark propagator, employing the different quark-gluon vertex ansätze described herein.
V. RESULTS
We solved the SDE for the quark propagator for many values of the current quark mass: m u/d = 0.00374 GeV, m s = 0.1 GeV, m c = 1.0 GeV, m b = 4.1 GeV and in the chiral limit m q = 0; the renormalization point is chosen as µ = 2.85 GeV. The results using the bare, BC, CP, KP and BB vertices, with the MT model of gluon propagator are shown in figures (2)-(6), respectively. In figures (7)- (11) we show the analogous resuls for the QC interaction. The parameters ω and D are chosen such that the obtained chiral condensates are in agreement with modern estimates [69] [70] [71] . In table II, we show the computed condensates for different current quark masses, according to eq. (15) in ref. [69] . Obtained values for the different constituent quark masses, defined as M (p 2 = 0), are shown in table III. In the infrared region, the mass function saturates at a finite value and monotonically decreases as p 2 increases. The saturation point, in comparison with the current quark mass, is much larger in the case of the light quarks. In fact, the mass function decreases sharply with p 2 for light quarks whereas it is approximately constant for the heavy ones. Notably, even in the chiral limit, it is possible to generate mass and a non-zero value of the condensate (which is a primary order parameter for DCSB, [71] ). This important facet of QCD cannot be achieved in perturbation theory. Dynamical mass generation via strong-interaction processes (DCSB) is the dominant mass generating mechanism in the light sector, while the heavy sector is more affected by its larger coupling to the Higgs field. A corollary of the last fact, is that the extracted condensate tends to a constant as the current quark mass increases. The same trend is observed in [70] . Finally, it is observed that the effects of the dressing of the vertices diminish as the current quark mass increases, producing almost the same mass function and the same quark condensate. Notwithstanding that, to produce the same quantitative results in the light sector, the minimal approximation, the bare quark-gluon vertex, requires the largest compensation from the effective gluon, as can be read from the m G = (ωD)
1/3 parameters shown in tables II and III. The above statements are clear signs of the intimate connection between DCSB and the quark-gluon vertex. 
VI. CONCLUSIONS AND SCOPE
Features of the dressed-quark-gluon vertex and their role in the gap equation have been explored. In particular, we solve the SDE for the quark propagator, using the following vertex ansätze: bare, BC, CP, KP, BB. Light quarks, which are weakly coupled to the Higgs field, owe their mass primarily to the strong QCD dynamics. This is qualitatively a robust feature of the SDE studies, independent of the choice of the quark-gluon vertex. The quantitative details, to which several hadron observables, such as elastic and transition form factors, may be sensitive to, can distinguish between the choice of the three point vertex.
In fact there is a natural interplay between the role of the gluon propagator and the quark-gluon vertex. For example, the bare vertex requires larger infrared enhancement in the gluon propagator, in order to generate a phenomenologically acceptable amount of mass (and chiral quark condensate). It also works the other way around: a realistic and currently converging understanding of the gluon propagator can generate an acceptable running quark mass via QCD's gap equation only so long as the quark-gluon vertex exhibits material infrared enhancement itself. Thus an intimate connection between the quark-gluon vertex and DCSB, via the gap equation, is established. In fact, half of the structures which define this vertex only appear if chiral symmetry is dunamically broken.
In our current study, within a small variation of MT and QC model parameters, all truncations employed herein point towards the same qualitative pattern of chiral symmetry breaking with fairly good quantitative comparisons. Thus the running quark mass function can be viewed as a robust feature of the strong interactions of QCD and not a model dependent artefact. Next immediate step is to investigate if the vertices ansätze studied in this work are suitable for use in non-perturbative studies of sophisticated hadron physics phenomenology (such as ground-state masses and decay constants). Therefore, a first task is to write a consistent Bethe-Salpeter kernel for all those vertices. For the bare vertex, it is well-known that a ladder-like kernel is sufficient for many needs, providing an accurate description of pseudo-scalars and light-vector mesons (see for example, [56-58, 61, 62] ); it corresponds to the popular rainbow-ladder truncation. Nevertheless, for a fully-dressed quark-gluon vertex, the construction of a consistent Bethe-Salpeter kernel could be an outstanding challenge [8, 9, 72] . Moreover, DCSB generates a momentum-dependent dressed-quark anomalous chromomagnetic moment, which is large at infrared momenta and has a non negligible impact on a good description of axial-vector mesons [25, 73] . All of those aspects are currently being investigated.
